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Abstract 

We have established that the most gênerai form of Hamiltonian that 
préserves fermionic cohérent states stable in time, is that of the nonsta- 
tionary free fermionic oscillator. This is to be compared with the ear- 
lier resuit of boson cohérence Hamiltonian, which is of the more gênerai 
form of the nonstationary forced bosonic oscillator. If however one ad- 
mits Grassmann variables as Hamiltonian parameters then the cohérence 
Hamiltonian takes again the form of (Grassmannian fermionic) forced os- 
cillator. 
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1 Introduction 

The time évolution of cohérent states (CS) has attracted a great deal of at- 
tention since the introduction of Glauber CS of the harmonie oscillator [ïïl IlOj. 
Thèse CS can be defined as eigenstates of the photon (boson) annihilation op- 
erator o. They form an overcomlete set, providing a very useful continuons 
représentation in the Hilbert space of states (for détails see e.g. [T7| and référ- 
ences therein). Of particular interest has been the détermination of the gênerai 
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form of Hamiltonian for which an initial CS remains cohérent under time évo- 
lution. It was established that this gênerai form is that of the nonstationary 
(boson) forced oscillator Hamiltonian |1H [23| 

H,, = io{t)a^a + /(t)at + /*(t)a + g{t), (1) 

where uj{t) and g{t) are arbitrary time-dependent real functions, and f{t) is ar- 
bitrary time-dependent complex function. The time évolution \z; t) of an initial 
CS \z), z € C, governed by the Hamiltonian ([T]) remains, for ail later times, 
eigenstate of the photon annihilation operator a. This eigenvalue property of 
Glauber CS allows easy calculation of means of normally ordered operators, in 
particular of the photon (boson) number operator. The Hamiltonian ([T]) will 
be referred to as boson canonical cohérence preserving Hamiltonian, or shortly 
boson cohérence Hamiltonian. Cohérence Hamiltonians for SU(2) and SU(1,1) 
group related CS are found in [8l[6]. 

CS for fermion Systems are defined in analogy to the canonical boson CS 
[MmSliniIIlIigEniIIHiaE]. The overcompleteness property of the set of 
fermion annihilation operator eigenstates has been proved in [IM [13] using the 
Berezin intégration rules for Grassmann variables. Extension of canonical CS 
to the case of pseudo-Hermitian fermions was performed in [3]. 

Eigenstates of fermion annihilation operators have been previously consid- 
ered by Schwinger [25] and Martin [22j who noted that, since fermion ladder 
operators anticommute their eigenvalues are not ordinary numbers (they are 
Grassmann variables instead). Nevertheless many of the mathematical proper- 
ties of Glauber CS and related methods of analysis of statistical properties of 
boson fields have their formai counterparts for Fermi fields [3j. However, the 
important problem of cohérence preserving fermionic Hamiltonians was so far 
not considered in the literature. And our purpose in the présent article is to 
establish the most gênerai form of Hamiltonians, which préserve the fermionic 
CS stable under the time évolution. 

The organization of the article is as follows. We start with a brief review 
in Sec. H of time évolution and temporal stability of canonical boson CS. In 
Sec. HI we study the temporal stability of fermionic CS and we show, by 
using the fermionic analog of the invariant boson ladder operator method j21[ 
\Ï2[ [26] that the most gênerai form of Hamiltonian that préserves fermionic CS 
stable in time is in the form of free (nonforced) fermionic oscillator. In the last 
section we consider the évolution of fermion CS governed by the Grassmannian 
Hamiltonians and show that the Grassmannian forced fermionic oscillator also 
préserves the temporal stability of CS. The paper ends with concluding remarks. 
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2 Canonical boson CS and their temporal stability 



The standard boson CS (called also Glauber CS, or canonical CS) are defined 
as the right eigenstates of the boson (photon) annihilation operator a [9l [10] 

a\z) = z\z), (2) 

the eigenvalue z being a complex number. The annihilation and création oper- 
ators a and a^ satisfy the boson commutation relations = aa^ — a^a = 1. 

The normalized CS \z) can be constructed in the from of displaced ground state 

io) mm, 

\z) = D{z)\0), = e-'-^*^ (3) 

and their expansion in terms of the number states |n) reads 




The problem of temporal stability of canonical boson CS is solved by Glauber 
and Mehta and Sudarshan |23j (in the case of one mode CS, and for n-mode 
CS - by Mehta et al. [21] )■ The resuit is that the most gênerai Hamiltonian that 
préserves an initial CS \z) stable in later time is of the form of the nonstationary 
forced oscillator Hamiltonian Hcs, eq. ([T]). The Hamiltonian ([T]) that préserves 
CS Q stable is shortly called cohérence Hamiltonian. Thus the boson cohérence 
Hamiltonian takes the form of a nonstationary forced oscillator Hamiltonian. 
Here "stable" means that the time evolved state 1^;;^), ihdt\z;t) = Hcs\z;t), 
remains eigenstate of a, possibly with a time-dependent eigenvalue z{t), 

a\z;t) = z{t) \z; t) (5) 

From the latter équation one deduces that, up to a time-dependent phase factor 
exp{iip{t)), the time-evolved CS \z;t) dépends on time t through z{t), that is 

\z;t)= e^^W \z{t)) , \z{t)) = e'^^^W-^'W» |0) (6) 

One says that for boson system with Hamiltonian ([T]) an initial canonical CS 
remains CS ail the later time [IH 123) (or remains temporally stable). For the 
Hamiltonian system ([T|) the time dépendent eigenvalue value z(t) obeys the 
équation ^TJ [53] 

iz = uj{t)z + fit) (7) 
the solution of which takes the explicit form [z = z{0)) 

z{t) = /3(t)z + 7(t), ^(t) = e-* )'^*', (8) 
7(t) = -i(^J^ e'^'o ^^^'^'^^f{t)dt^e-'fo^^i)'i^^' (9) 
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In the particular case of constant uj we have 

z{t) = e-''^' (-^ " ' /(^')^*') • (10) 

The forced oscillator system ([T]) admits [26j linear and analytic in terms of 
a invariant boson annihilation operator^c(O) 

A,{t) = /3{t)a + 7(t) = UUt)aUUt), (H) 

where Ucsi^) is the unitary évolution operator, corresponding to ([T]), and 

ri ' 

P{t) = e^/o'^(*')'^*' = ^-\t), 7(t) = i / f{t)e'^o ^(^)d^dt = -^{t). (12) 

Jo 

For any System (with évolution operator U{t)) the time-evolved CS \z;t) are 
eigenstates of the corresponding invariant annihilation operator A{t) = U {t)aW{t) 
with constant eigenvalues z, A{t)\z;t) = z\z;t), and can be represented in 
the form of invariantly displaced time-evolved ground state \0;t) = U{t)\0) 

\z;t) = D{z,A{t))\0;t) , D{z,A{t)) = e^^'^'^'~'*^^'\ (13) 

If A(t) is invariant then A^{t) also is, and any other combination of them is also 
invariant. In particular A^{t)A{t) and D{z,A{t)) are also invariant operators 
of the forced oscillator ([T]). Invariant operators are very useful, since they 
transform solutions into solutions, as demonstrated in (jl3p . 

The invariant boson ladder operator ()lip is a simple particular case of linear 
invariants of gênerai quadratic quantum system, constructed first in |21l I12j . 
For the nonstationary quantum oscillator Hermitian quadratic in a and in- 
variant was constructed and studied by Lewis and Riesenfeld [15]. Using thèse 
properties of the invariants it was shown [26j that a given Hamiltonian H pré- 
serves the temporal stability of CS \z) if and only if it admits invariant of the 
form Ac = f3{t)a + 7(t). The gênerai form of such Hamiltonian coïncides with 
Glauber-Mehta-Sudarshan cohérence Hamiltonian ([T|). 

3 Temporal stability of canonical fermion CS 

Fermion cohérent states (CS) are defined (see [IïïllISllI71IIl[IÏÏll2nilIl[I31[3]) 

as eigenstates of the fermion annihilation operator 6, 

HC) = CIC), (14) 

where the eigenvalue is a Grassmann variable: = 0, CC + C*C = 0. Recall 
the fermion algebra: 

\^b,b^^ = bb^ + b^b=l, b'^ = b^'^ = 0. (15) 
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For definiteness eigenstates of fermion ladder operator b should be called canon- 
ical fermion CS. This is in analogy to the eigenstates of boson annihilation op- 
erator a, which are known as Glauber CS, and canonical boson CS as well. In 
terms of the Grassmannian eigenvalues Ç many of the properties of |C) repeat 
the corresponding ones of the bosonic CS \z) [3\. In particular one has 

|C) = D(C)|0)=e-K*C(|0)- C|l)) . (16) 
dCdClOiCl =1, (17) 



where -D(C) = exp(6^C — C*b), |0) is the fermionic vacuum, 6|0) = 0, and |1) is 
the one-fermion state, 1 1) = 6^ |0). The intégrations over and C* are performed 
according to the Berezin rules (see e.g. [3]) 

j dCdCCC = 1, j dCdCC = j dCdCC = j dCdQl = 0. (18) 

The temporal stability of the canonical fermion CS is defined in analogy 
to the temporal stability of canonical boson CS: the évolution of an initial \Ç,) 
is stable if the time-evolved state = U{t)\Ç,) {U{t) being the évolution 

operator of the System) remains eigenstate of b in ail later time, 

b\Q;t)=at)\C;t). (19) 

It is clear that the time-evolved states \C,] t) also obey the overcompleteness rela- 
tion (fT7|l and are eigenstates of the invariant ladder operator B{t) = U {t)bU^{t). 

To find the fermion cohérence Hamiltonian we first note that the ladder op- 
erator invariant B{t) and fermion annihilation operator b should commute since 
they are supposed to have sumultaneously an overcomplete set of eigenstates 
(we suppose that C(t) and C commute). Second, we note that, due to the nilpo- 
tency of b and 6^, the gênerai form of a fermionic operator is a (complex) linear 
combination of b, b^ and b^b. Such a combination will commute with b under 
certain simple restrictions. Taking then into account that the invariants B{t) 
and B^{t) have to obey the fermion algebra (jlSp we dérive that [b,B{t)] = if 
and only if B{t) is proportional to b, B{t) = /3'{t)b. Thus the fermion cohérence 
Hamiltonian should admit dynamical invariant of the form (Invariants of other 
forms for fermion Systems have been considered by Dodonov and Man'ko [7], 
Abe [2], and Cherbal et al [5] ) 

B,it) = /3'(t)6, (20) 

where P'{t) = exp{i(p{t)), the phase ip{t) being arbitrary function of time. As 
we have already noted at the end of the preceding section, similar form of the 
ladder operator invariant Ac, eq. ([TT]) . is required in the case of boson Systems 
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[26]. To obtain now the gênerai fermion cohérence Hamiltonian Hfc we apply 
the defining requirement for quantum time-dependent invariants B(t), 

^^Bit)-i[B{t),H]=0, (21) 

to the operator (|20p . The gênerai form of fermionic (one-mode) Hamiltonian 
Hf is a Hermitian linear combination of b, and b^b, 

Hi = u;'i0b + f'{0 + r{t)b + g'{t), (22) 

where uj'{t) and g'{t) are real fonctions of time. The substitution of this H{ 
into ([2T]) for Bc{t) produces the two conditions 

^' = i(3'J, = /37'. (23) 

Thèse simple conditions are readily solved, 

/'(t)=0, l3'{t)=ew(iJ^io'iT)dTy 

leading to the Hamiltonian 

Hf, = uj'{0b + g'it), (24) 

which is the most gênerai form of fermion cohérence Hamiltonian. 

Next we find the expression of the eigenvalue C{t) of b {b\C;t) = ({t)\C;t)) 
in terms of the parameter functions u}'{t), g'{t) in i^fc. In this aim we note that 
if the évolution of an initial CS |C) is governed by Hfc one can represent the 
corresponding time-evolved state \z]t)c in a form similar to (|13|) . 

|C;t)c = I?(C,i?c(t))|0;t)=e^'^W|C(t)). (25) 

Then we apply b,b = l3''^Bc{t), to \C',t), using the fermion algebra for Bc and 
-Bc and the relation Bc\0;t) = 0. In this way we arrive to the following simple 
expression for the eigenvalue C(i)5 

({t) = p'-\t)C = e-^/o'^'M'^-C- (26) 

The results ()24p and ()26p are similar in form, but not identical, to those for the 
boson Systems ([T]) and ([S]). The fermion cohérence Hamiltonian (|24p is of the 
form of a nonforced oscillator with time dépendent frequency (nonstationary 
fermion oscillator), while the boson cohérence Hamiltonian ([T]) is of the more 
gênerai form of the nonstationary forced oscillator. 

The exact évolution of fermion CS \C',t), governed by the more gênerai non- 
stationary forced oscillator Hamiltonian Hf is constructed, using the dynamical 
invariant ladder operator method [2TI |T2l [15] , in [5] , 

\C;t)=exp[B^t)C-CB{tmt), (27) 
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where B{t) is the invariant fermion annihilation operator for H{, and |0;t) is 
the time-evolved ground state, B{t)\0;t) = 0. The invariant B{t) is found in 
the form 

B{t) = v.{t)h + z.+ (t)6t + z.3(t)(6t6 - i), (28) 

where î^±(t), v^it) are solutions to the auxiliary system of équations 

z>3 = 2i{u+r-u.f'), (29) 
z>+ = i{u^f -u+J), (30) 
z>_. = -Vif'*), (31) 

subjected to the initial conditions i^-(O) = 1, z^+(0) = 0, 2^3(0) = 0. One readily 
sees that this invariant will be proportional to b (as required by the cohérence 
preserving condition [b,B{t)] = 0) iff Vi{t) = = v+{t). And eqs. ([29]) - ^ 
show that this is possible if /' = 0, i.e. if -fff takes the previously obtained form 
of fermion cohérence Hamiltonian iîfc, eq. (j24p . 



4 Grassmannian Cohérence Hamiltonians 

The concepts of stable time évolution of fermion CS leads in a natural way to 
the Grassmannian Hamiltonian operators of the form 

i7gf(t) = u{t)h'^b + r/(t)6t - r]*{t)b + ô{t), (32) 

where uj{t) and 5{t) are arbitrary time-dependent real functions and r]{t) is a 
Grassmann variable: rjT]* = —r]*7], rf = 0. This is a Grassmannian gener- 
alization of the fermion forced oscillator, whose dynamical invariants and CS 
have been studied in réf. [5]. Here we are going to show that this extension of 
fermion oscillator préserves the temporal stability of fermion CS. In this aim 
we first note that if the time évolution \C]t) of an initial (at t = 0) state |C) is 
temporally stable, then it should have the form (see eq. ([25]) ). 

|C;t)=e^'^W|C(t)) = |C;t)c, (33) 

where C(0) = Ci ^'^^ ^(i) is a real phase. In particular, the évolution |0;t) of 
the ground state |0) is stable if 

|0;t) =e''^W|0). (34) 

It can be readily seen that the time-stable ground state obeys the Schrodinger 
équation (SE) 

idt\0;t) = Ho{t)\0;t) (35) 

with Hamiltonian 

Ho{t) = uj{tpb + l3{t), (36) 
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where u}{t) is arbitrary real, and /3{t) = 6{t). We say that the Hamiltonian 
Ho{t) (with arbitrary real uj{t), /3{t)) préserves the fermion ground state stable. 
It is not difficult to prove that this is the most gênerai form of Hamiltonians 
that préserve the stability of the ground state. 

Next we recall the well known resuit that if IV'o) obeys the SE with Hq then 
the unitarily transformed state {ipi) = Ultpo) obeys the SE with Hamiltonian 
UHqU^ — iUdtU^. This means that the temporally stable CS exp(i(/?(t))|(^(t)) 
satisfies the SE with Hamiltonian 

H,i{t) = Dm, b)Ho{t)DHm, h) - iom, b)^^D^m,b) (3?) 

where D{({t),b) = ex.p{b^ Ç{t)—(*{t)b). Using the properties of the displacement 
operator (recalling that bC = —(b, b(* = —Ç*b [3]), 

DiC, b)bD^ iC, b) = b-C, D\C, b)bDiC, b)=b + C, 

we find 

DHqD^ = u;it){b^ -C){b-C) + m, (38) 
D^^D^ = Cb + Cb^ + ^{CC-CC), (39) 

Hgî{t) = ujb'^b+ (ioC-iCjb^ - (ujC + iC)b 

+ /3 + ojCC-^{CC-CC)- (40) 

By identification of the two expressions of Hg{{t) given respectively in eqs. 
()32p and (??), one obtains the relations between the corresponding parameter 
functions: 

r/ = - iC, (41) 

S{t) = /3 + u;CC-^iCC-CC)- (42) 

The above équations shows that if there is a set of eigenstates \C',t) of b 
with eigenvalues C(0) C(0) = C) and the ground state obeys SE with Hq, eq. 
(|36|) . then |C;^) obeys the SE with Hgf, i.e. the time évolution of initial \Ç) 
governed by Hgf is temporally stable. The Grassmannian coefficients r]{t), ô{t) 
are determined by the given ({t) according to eqs. (|1T|) and uj{t) and (3{t) 
being arbitrary real. 

And the inverse is also true: the Grassmannian Hamiltonian Hgf, eq. (j32p . 
préserves the temporal stability of eigenstates \0 oî b (that is fermion CS), the 
eigenvalues C{t) being determined by the "classical équation" (following from 

TU, 

iC = wC - r?. (43) 
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The stable time evolved CS is exp{iip{t))D{({t),b)\0), the phase ip{t) being 
determined by the équation (following from ()36p . (j42p and (j4ip ) 

^ = ô-^iCv + V*C)- (44) 

Note that in dérivation of (|43p . (|44p we have presupposed that the Grassmann 
variables r] and Ç anticommute. 

Thus the Grassmannian fermionic forced oscillator, eq. (j32p . is fermion 
cohérence Hamiltonian, too. There is only one possibility to restrict oneself with 
ordinary fermion cohérence Hamiltonian, i.e. with ordinary complex coefficient 
T] and real ô in ([32]) : this is, as it follows from eqs. ([^T]) and (02]), to put rj = 0. 
Then one returns to Hi^, eq. (p^ . 

Concluding Remarks 

In this article, we have extended the earlier results of the boson canonical co- 
hérence Hamiltonian |1H [25] and boson invariant ladder operators ^26j to the 
fermion cohérence Hamiltonian and fermion invariant ladder operators. The 
fermion cohérence Hamiltonian is obtained in the form of nonstationary non- 
forced oscillator. As an expression in terms of the ladder operators, this form 
is more restricted than the corresponding expression of the boson cohérence 
Hamiltonian, which is of the form of nonstationary forced oscillator. This more 
particular form is mainly due to the nilpotency of the fermionic annihilation and 
création operators. The nilpotent property, and the related anticommutaion re- 
lations, of fermion ladder operators lead to the very simple form of the gênerai 
(one mode) fermion Hamiltonian, namely to the form of forced fermionic oscil- 
lator, which is a gênerai élément of the simple algebra of SU (2). Accordingly, 
the fermion cohérence Hamiltonian is a particular élément of ■sm(2) algebra; it 
is proportional (up to an additive C-number term) to the third generator of 
SU (2). The symmetry of the bosonic cohérence Hamiltonian is quite différent; 
it is a gênerai élément of the nonsimple oscillator algebra. 

We have finally shown that the parallel between the boson cohérence Hamil- 
tonian and the fermion cohérence Hamiltonian can be formally restored if one 
admits Grassmann variables as Hamiltonian parameters: then the fermion co- 
hérence Hamiltonian takes again the form of (Grassmannian) forced oscillator. 
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